This paper is related to the problem of finding a good notion of rectifiability in sub-Riemannian geometry. In particular, we study which kind of results can be expected for smooth hypersurfaces in Carnot groups. Our main contribution will be a consequence of the following result: there exists a C ∞ hypersurface S without characteristic points that has uncountably many pairwise non-isomorphic tangent groups on every positive-measure subset. The example is found in a Carnot group of topological dimension 8, it has Hausdorff dimension 12 and so we use on it the Hausdorff measure H 12 . As a consequence, we show that for every Carnot group of Hausdorff dimension 12, any Lipschitz map defined on a subset of it with values in S has H 12 -null image. In particular, we deduce that this smooth hypersurface cannot be Lipschitz parametrizable by countably many maps each defined on some subset of some Carnot group of Hausdorff dimension 12. As main consequence we have that a notion of rectifiability proposed by S.Pauls is not equivalent to one proposed by B.Franchi, R.Serapioni and F.Serra Cassano, at least for arbitrary Carnot groups. In addition, we show that, given a subset U of a homogeneous subgroup of Hausdorff dimension 12 of a Carnot group, every bi-Lipschitz map f : U → S satisfies H 12 (f (U )) = 0. Finally, we prove that such an example does not exist in Heisenberg groups: we prove that all C ∞ -hypersurfaces in H n with n ≥ 2 are countably H n−1 × R-rectifiabile according to Pauls' definition, even with bi-Lipschitz maps.
Comments and ideas of the proofs: To prove Theorem 1.1, whose proof is in Section 5, we will show the existence of a C ∞ -hypersurface S -of Hausdorff dimension 12 in a Carnot group of topological dimension 8 -that cannot be H 12 -a.e. covered by countably many Lipschitz images of subsets of Carnot groups of Hausdorff dimension 12. Notice that we also allow the Carnot groups to vary, thus using a more general definition of rectifiability with respect to the one given in [Pau04, Definition 4 .1].
We will actually show a more general property for S: for every Carnot group G of Hausdorff dimension 12, every Lipschitz map f : U ⊆ G → S satisfies H 12 (f (U )) = 0 (see Theorem 5.7). We will call this property purely Pauls Carnot unrectifiability (Definition 3.7), which implies that S is not Pauls Carnot rectifiability, see Remark 3.10. The key property that S enjoys is that every H 12 -positive subset of it has uncountably many points with pairwise non-isomorphic Carnot groups as tangents, see the statement and the proof of Theorem 5.4, and Theorem 5.12.
The idea to build such a hypersurface is the following: at first, in Proposition 4.5, we show the existence of a Carnot algebra of dimension 8 that has uncountably many pairwise non-isomorphic Carnot subalgebras of dimension 7. This is done by exploiting the existence of an uncountable family F of Carnot algebras of dimension 7 that are known to be pairwise non-isomorphic, see [Gong98] . Notice that 7 is the minimum number for which this fact holds: there are, up to isomorphisms, only finitely many Carnot algebras of dimension ≤ 6, see again [Gong98] . Then we construct examples of smooth non-characteristic hypersurfaces S in the Carnot group whose Lie algebra is the previous Carnot algebra of dimension 8, with the property that the tangent spaces to each S form an uncountable subfamily of F. With a particular choice of S as in Remark 5.3 we show that every H 12positive subset of S has uncountably many points with pairwise non-isomorphic Carnot groups as tangents, as we planned.
Having in our hands the pathological example S, we prove our main result, see Theorem 5.7. We do it via a blow up analysis and using the area formula for Lipschitz maps between Carnot groups proved by Magnani in [Mag01] .
We point out that we also construct, in every Carnot group G, a smooth non-characteristic hypersurface that has every subgroup of codimension-one of G as tangent, see Lemma 2.27 and Theorem 5.4.
We also prove some strenghtening of Theorem 1.1. Namely, we show in Corollary 5.5 that our example S is not, as we say, bi-Lipschitz homogeneous rectifiable (Definition 3.4). That is to say, it is impossible to H 12 -a.e. cover S by countably many bi-Lipschitz images of subsets of metric spaces of Hausdorff dimension 12 that have bi-Lipschitz equivalent tangents, a class larger than Carnot groups, which includes their subgroups. Actually, again, we prove more: we show that S is purely bi-Lipschitz homogeneous unrectifiable according to our definition Definition 3.4, after having provided a general criterion of purely bi-Lipschitz homogeneous unrectifiability (Lemma 3. 6) .
Notice that, from this last result, it follows that S is not rectifiable according to the countable bi-Lipschitz variant of the definition given in [CP06, Definition 3] , that is, the one that allows the parametrizing spaces to be homogeneous subgroups of Carnot groups, see also Remark 3.5. Nevertheless, we still are not able to prove that our counterexample is not rectifiable according to [CP06,  Definition 3], see Remark 5. 6 .
We remark here that, from how we are going construct the example S, it follows that any tangent to S is a Carnot group. Consequently, together with the previous discussed results, we immediately deduce that S is also an example of metric space that cannot be Lipschitz parametrized by countably many of its tangents, see Remark 5.11. In Remark 5.14 we observe that S has a structure of sub-Riemannian manifold and if we consider on it the sub-Riemannian distance it is still purely bi-Lipschitz homogeneous unrectifiable (Definition 3.4).
To prove Theorem 1.2, we will use [TY04, Theorem 1.1.], [CMPSC14, Proposition 3.8.] and [LDY19, Theorem 1]. The proof is contained in Section 6.
The idea is the following: first we show that every non-characteristic hypersurface S in H n with n ≥ 2 carries a structure of polarized manifold (Proposition 6.14). We show that the intersection of the horizontal bundle of H n with the tangent bundle of S is a step-2 bracket generating distribution (Proposition 6.11). This was already known from [TY04, Theorem 1.1.], but we give a different proof based on simple explicit computations.
Second we show that every sub-Riemannian structure on the polarized manifolds S gives raise to a distance that is locally bi-Lipschitz equivalent to the distance on S seen as subset of H n (Proposition 6.12). We will call these latter distances the intrinsic distance and the induced distance, respectively. The equivalence is due to the general fact that in H n with n ≥ 2, the intrinsic distance and the induced distance on the graph of an intrinsic Lipschitz function are equivalent (Proposition 6.10). We write the proof of this result, which was suggested to us by ässler and Orponen, and which is actually a consequence of the result already known from [CMPSC14, Proposition 3.8.]. Third we use the fundamental tool [LDY19, Theorem 1] and the key fact that the tangents to the hypersurface are all isomorphic to H n−1 × R (Lemma 6.13). With these three steps we conclude the proof of Theorem 1.2.
Structure of the paper:
The structure of the paper is the following: in Section 2 we collect general definitions and tools that are useful for our aims. We recollect general definitions about Carnot groups and metric measure spaces; we recall the area formula for Lipschitz maps between Carnot groups; we revise some basic definitions and statements about C 1 H -hypersurfaces, showing in particular that a C 1 H -hypersurface has Hausdorff dimension (Q − 1) -being Q the Hausdorff dimension of the group in which it lives -and H Q−1 is a locally doubling measure on it (Proposition 2.19). We also stress that the tangent group to a C 1 H -hypersurface is the Hausdorff tangent, which is a fact due to [Koz15, Theorem 3.1.1] (see Proposition 2.20).
In Section 3 we give different notions of rectifiability, such as bi-Lipschitz homogeneous rectifiability (Definition 3.4) and Pauls Carnot rectifiability (Definition 3.7), the latter one being a variant of Pauls' rectifiability [Pau04, Definition 4.1]. Namely, a metric space of Hausdorff dimension k is Pauls Carnot rectifiable if it is H k -a.e. covered by countably many Lipschitz images of subsets of Carnot groups of Hausdorff dimension k; a metric space of Hausdorff dimension k is bi-Lipschitz homogeneous rectifiable if it is H k -a.e. covered by countably many bi-Lipschitz images of subsets of metric spaces of Hausdorff dimension k that have bi-Lipschitz equivalent tangents. We also give the notions of purely bi-Lipschitz homogeneous unrectifiability (Definition 3.4) and purely Pauls Carnot unrectifiability (Definition 3.7), which are stronger version (see Remark 3.3 and Remark 3.10) of not being bi-Lipschitz homogeneous rectifiability and not being Pauls Carnot rectifiability, respectively. In Lemma 3.6 we provide a criterion for a metric space to be purely bi-Lipschitz homogeneous unrectifiable. In Remark 3.5 we discuss some definitions of rectifiability that are less general than Definition 3.4, while in Remark 3.9 we briefly discuss some Lipschitz counterpart of Definition 3.4.
In Section 4 we construct a Carnot algebra of dimension 8 that has uncountably many pairwise non-isomorphic Carnot subalgebras of dimension 7. The construction is done in Proposition 4.5.
In Section 5 and Section 6 we show the main theorems we discussed above. Namely, first we show the main result Theorem 1.1, see Corollary 5.9, and the streghted version we discussed above, see Corollary 5.5. Second we show Theorem 1.2, see Theorem 6.15.
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Preliminaries
2.1. Some standard definitions. For definitions and theory about Carnot groups one can see [LD17] , [BLU07] and [FSSC03a, Section 2]. We recall here some basic facts and terminology.
A Carnot group is a simply connected nilpotent Lie group whose Lie algebra is stratified and generated by the first stratum. If G is a Carnot group and g is its Lie algebra we thus have
The number s is called step of the group G. The dimension of the first stratum V 1 is denoted by m and the dimension of g by n.
For a Carnot group the exponential map exp : g → G is a diffeomorphism. Thus by means of this map, after a choice of a basis of g, we can identify G with R n with an operation · that can be explicitly written by making use of the Campbell-Hausdorff formula. We will use exponential coordinates
where {X 1 , . . . , X n } is a basis of g adapted to the stratification. Then {X 1 , . . . , X m } is a basis of V 1 . With a little abuse of notation we will indicate with X i ∈ g both a tangent vector at the identity element of G and the left-invariant vector field on G that agrees with it at the identity. We call {X 1 , . . . , X m } a basis of the horizontal space V 1 .
On the Lie algebra g we have a family of linear maps δ λ that act as
With an abuse of notations, we denote by δ λ the group endomorphism on G with differential δ λ . Namely, by means of the exponential map we have δ λ := exp •δ λ • exp −1 on G as well. We call a homomorphism ϕ : G → H between two Carnot groups a Carnot homomorphism if
Remark 2.1. Every Carnot homomorphism induces a linear map ϕ * : g → h, which is a Lie algebra homomorphism, such that ϕ * • δ λ = δ λ • ϕ * . From this property it easily follows that for every
It follows from [LD17, Proposition 3.5] that such a distance is continuous with respect to the manifold topology on G.
There is a distinguished class of such distances, known as Carnot-Carathéodory distances. If we fix a norm · on the first stratum V 1 of the Lie algebra g of G, we can extend it left-invariantly on the horizontal bundle
where L x is the left translation by x. We say that an absolutely continuous curve γ :
for a.e. t ∈ [0, 1].
We define
Chow-Rashevsky theorem states that this distance is finite. It is clearly homogeneous and left-invariant. It is clear that any two homogeneous left-invariant distances d 1 and d 2 are equivalent: we write d 1 ∼ d 2 and we mean that there exists C ≥ 1 such that 1 C d 1 ≤ d 2 ≤ Cd 1 . Then, from now on, we don't specify what homogeneous left-invariant distance we are choosing as we prove results that are true up to bi-Lipschitz maps.
We remind that the Hausdorff dimension of a Carnot group G with respect to any left-invariant homogeneous distance is
which we also call homogeneous dimension.
We recall now some definitions about metric spaces and metric measure spaces. Given a metric space (X, d) , we indicate the open ball in the metric d centered at x of radius r with B d (x, r). When the distance is clear we just write B(x, r). The closed ball is indicated with B d (x, r). We say that ( 
We say that (X, d, µ) is a metric measure space if (X, d) is a complete and separable metric space and µ is a Borel measure that is finite on bounded sets. A metric measure space (X, d, µ) is said to be locally doubling if for each a ∈ X there exists R a > 0 and C a > 0 such that
For a proper locally doubling metric measure space as a consequence of Gromov compactness theorem we can say that for every x ∈ X, the set of Gromov-Hausdorff tangents Tan (X, d, x) is nonempty. Indeed, we can say that for every sequence of positive numbers λ i → 0, up to subsequences 
Remark 2.3. For our aims we discuss here how Df x is defined. First of all, one takes {X 1 , . . . , X m } a set of generators of the first stratum V 1 of the Lie algebra g of G. In [Mag01,  Step 1 and
Step 2] it is shown that if we take z in the set
Step 1, Proof of Theorem 3.9]. Now we get, being E countable, that there exists a set of H Q -full measure in A, say A ω , such that for every z ∈ E one has that the limit
does exist for every x ∈ A ω . Then it can be shown [Mag01,  Step 2] that on A ω , the map Df x can be extended to all z ∈ G, exploiting the fact that E is dense and just defining
Step 2] it is shown that Df x is a Carnot homomorphism and in [Mag01,  Step 3] it is shown that this differential satisfies (2.2). Theorem 2.5. [Magnani] Given any Lipschitz map f : 
where V 1 (x) is the horizontal bundle at x and T x S is the "Euclidean tangent" of S, i.e., the tangent space of S seen as submanifold of G. We shall use the term "Euclidean" in contrast of the intrinsic sub-Riemannian one. We will say that a C 1 -surface S is non-characteristic if it does not have characteristic points as in (2.4).
Remark 2.8. We identify G with R n by means of exponential coordinates and we call m the dimension of the first layer. If we take f ∈ C 1 (G) we will denote with ∇f | x the full gradient of f at x, i.e., the vector
Thus a C 1 -hypersurface S in G with non-characteristic points is C 1 H , because we have the representation in (2.5) with (X 1 f, . . . , X m f ) = 0 on U p .
For C 1 H -hypersurfaces we have a notion of tangent group [FSSC03a, page 14] . In the following definition we are identifying the group G with R n by means of the exponential coordinates and we denote by {X 1 , . . . , X m } a basis of the horizontal space. Definition 2.9 (Tangent group to a C 1 H -hypersurface). Given S a C 1 H -hypersurface, a point p ∈ S and a representative f around p as in (2.3), we can define the tangent group, or the intrinsic tangent of S at p as
Remark 2.10. The tangent group defined in Definition 2.9 is a subgroup of G and does not depend on the representative f given in Definition 2.6 [FSSC03a, page 14]. Indeed, we have, see Section 2.4, that
We deal now with the problem of parametrization of a C 1 H -hypersurface. We first introduce the notion of intrinsic Lipschitz function. See [FMS14, Section 2]. Definition 2.11. If G is a Carnot group and W and H are homogeneous subgroups such that W ∩ H = {0} and G = W · H, we say that W and H are complementary subgroups in G. We write p = p W · p H , denoting with p W and p H the projections on the two subgroups.
If W and H are complementary subgroups in a Carnot group G, then the cone C W,H (q, α) of base W and axis H, centered at q and of opening 0 ≤ α ≤ 1 is defined as
and e is the identity element of the group G.
Definition 2.12. Let us assume W and H are complementary subgroups in a Carnot group G. Given f :
where C W,H p, 1 L is defined in Definition 2.11. Remark 2.13. It is not always true that an intrinsic Lipschitz function is Lipschitz in exponential coordinates. Nevertheless an arbitrary intrinsic Lipschitz function is locally Hölder continuous, see [FMS14, Proposition 2.3.6].
Now we show that the Hausdorff dimension of C 1
H -hypersurface in a Carnot group of Hausdorff dimension Q is Q − 1. We state the following implicit function theorem, which is rather classical in the field. In the reference that we give, there is also a general version for intersection of C 
Remark 2.15. By Definition 2.9 it is always true that T I p S has a homogeneous horizontal complement H. 
Remark 2.17. From Proposition 2.16 we can deduce that the spherical Hausdorff measure S k W , restricted to graph(f ), is k W -Alfhors-regular and therefore doubling. We also infer that the Hausdorff dimension of graph(f ) is k W .
The next basic result can be seen as a consequence of [LDNG19, Theorem 4.4, (iii)], where the authors proved a more general result holding for every self-similar metric Lie group.
Lemma 2.18. In every Carnot group a vertical subgroup of codimension 1 has Hausdorff codimension 1.
Now we are in position to state and prove the following Proposition 2.19. Let G be a Carnot group of Hausdorff dimension Q. Let S be a C 1 Hhypersurface of G. Then the Hausdorff dimension of S is Q − 1 and H Q−1 restricted to S is a locally doubling measure on S.
Proof. In order to prove the theorem we have to take into account Proposition 2.14 according to which, locally around any p ∈ S, we can write S as the graph of an intrinsic Lipschitz function. After that by using Proposition 2.16 together with Lemma 2.18, we get that the Hausdorff measure H Q−1 with respect to d is locally finite and positive on S and also it is locally (Q−1)-Alfhors-regular. From this the conclusion follows immediately.
2.4. The tangent group of a C 1 H -hypersurface as the Hausdorff tangent. In this subsection we remind that the tangent group T I p S at p ∈ S of an arbitrary C 1 H -hypersurface (see Definition 2.9) is the Hausdorff tangent at p to S. This follows from [Koz15, Theorem 3.1.1] and the identification between the kernel of the differential of a C 1 H -function f with the tangent of the surface defined by f , see [FSSC03a, Proposition 2.11].
The result that we state here is simplified for our aims. For the general statement we refer to [Koz15, Theorem 3.1.1].
Proposition 2.20. [Kozhevnikov] Let S be a C 1 H -hypersurface in a Carnot group G. Let us consider p ∈ S and a function f whose 0-level set coincide locally with S, as in (2.3). Then we have that there exists β : (0, +∞)
Remark 2.21. From the result in Proposition 2.20 we eventually get also that if we consider the metric space (S, d), the Gromov-Hausdorff tangent at any point p ∈ S is (isometric to) (T I p S, d).
We give here part of the statement of [Koz15, Theorem 3.3.1], because it is useful for our aims. For the complete theorem one can see the reference. Lemma 2.23. [Kozhevnikov] Let S be a closed set of a Carnot group G, and let a ∈ S. If there exists a closed homogeneous set W such that 
Morevoer, if f is linear we say that V is a vertical subgroup of codimension 1.
Remark 2.25. An arbitrary vertical surface as in Definition 2.24 is a C 1 -hypersurface with no characteristic points, i.e., points that satisfy (2.4). This is due to the fact that, if 1 ≤ i ≤ m, in exponential coordinates we have
and then, for all x ∈ ω,
as f depends only on the first m variables. Thus, from Remark 2.8, a vertical surface is also a C 1 H -hypersurface. Remark 2.26. Every tangent group, as defined in Definition 2.9, is a vertical subgroup of codimension 1.
Lemma 2.27. Given a Carnot group G, there exists a vertical surface V such that for
At an arbitrary point p = (x 1 , . . . , x m , x m+1 . . . , x n ),we have that, by Definition 2.9 and Remark 2.25,
and then, as any linear function f :
. , x m ) of norm 1, we get the desired conclusion.
Notions of rectifiability
In this section we introduce several kinds of notions of rectifiability. First we say, in Definition 3.1, what it means for a metric space (X, d) , to be (F, µ)-rectifiable, where F is a family of metric spaces and µ is an outer measure on X. Namely (X, d) is (F, µ)rectifiable iff it is µ-a.e. covered by bi-Lipschitz images of subsets of metric spaces in F.
Then we specialize this notion in Definition 3.4 by taking the class of metric spaces that are proper, locally doubling and with bi-Lipschitz equivalent tangents. In Remark 3.5 we discuss further specializations of this notion.
Then we give the notion of Pauls Carnot rectifiability in Definition 3.7, generalizing the definition given in [Pau04, Definition 4.1]. In Remark 3.9 we briefly discuss the Lipschitz variant of (F, µ)-rectifiability for specific families F. Definition 3.1 ((F, µ)-rectifiability). Given a family F of metric spaces we say that a metric space (X, d) , with an outer measure µ on it, is (F, µ)-rectifiable if there exist countably many bi-Lipischitz embeddings f i :
We say that a metric space ( 
Remark 3.2. We notice that if (X, d) is complete we can equivalently ask each set U i to be closed in Definition 3.1. Indeed, in this case every bi-Lipschitz map f i :
Remark 3.3. Having a look at Definition 3.1, assuming we have µ(X) > 0, which will be always in our case, we see that one necessary condition for the (F, µ)-rectifiability of (X, d) is the existence of at least one bi-Lipschitz map f :
Specializing the family F and µ in Definition 3.1, we can give the following definitions.
Definition 3.4 (bi-Lipschitz homogeneous rectifiability). Let (X, d) be a metric space of Hausdorff dimension k. Set T k := {(X i , d i )} i∈I to be the family of all the metric spaces
• any two tangent spaces, at any two points of X i , are bi-Lipschitz equivalent. We say that ( 
Remark 3.5. The family T k defined in Definition 3.4 is very rich. For example it contains all homogeneous Lie groups G equipped with left-invariant homogeneous distances, with Hausdorff dimension k. Indeed, every tangent space at any point of such a group G is isometric to G and (G, d G , H k ) is proper because it is locally compact and admits dilations, and it is locally doubling because it is Ahlfors-regular [LDNG19, Theorem 4.4, (iii)]. We remark here that the larger class of self-similar metric Lie groups of Hausdorff dimension k, whose definition is in [LDNG19] , is still a subclass of T k . Going beyond Lie groups, we remark that in T k one has all those Carnot-Carathéodory spaces whose nilpotentization is constantly equal to a stratified group of homogeneous dimension k. This last statement is a consequence of Mitchell's theorem (see [Mit85] and [Bel96] ) and the bi-Lipschitz equivalence of left-invariant homogeneous distances.
In the very rich class of homogeneous Lie groups we distinguish homogeneous subgroups of Hausdorff dimension k of arbitrary Carnot groups, with the restricted distance, and obviously also Carnot groups of Hausdorff dimension k. We can then give different notions of rectifiability for each of these subfamilies of T k .
Notice that if we take the subfamily of T k made of arbitrary homogeneous subgroups, of dimension k, of Carnot groups, we obtain a variation of [CP06, Definition 3] where we now allow countably many homogeneous subgroups but we require bi-Lipschitz maps. Similarly, if we only consider Carnot groups, we obtain a similar variation of [Pau04, Definition 4.1].
We give next a criterion for purely bi-Lipschitz homogeneous unrectifiability.
Lemma 3.6. Let (X, d, H k ) be a proper locally doubling metric measure space, with k = dim H X. If every H k -positive measure subset of X contains two points that have two tangent spaces that are not bi-Lipschitz equivalent, then (X, d) is purely bi-Lipschitz homogeneous unrectifiable (according to Definition 3.4).
Proof. We prove that there is no bi-Lipschitz map f :
We restrict ourselves to consider U closed, see Remark 3.2.
If there exists such a map, first of all notice that H k (U ) > 0 because f is bi-Lipschitz. Now we can restrict ourselves to the points of density of U with respect to H k , say W , and W is a set of full H k -measure in U [Rig18, Corollary 2.13, Theorem 3.1 and Remark 3.3]. Then, by the fact that f is bi-Lipschitz, the set f (W ) has full H k -measure in f (U ). The set Z of points in f (W ) of density of f (U ) with respect to H k , is still a set of full H k -measure in f (U ) because it is the intersection of two sets of full H k -measure in f (U ). Then it holds H k (Z) > 0 since H k (f (U )) > 0.
By hypothesis there exist two points x, y ∈ W and p = f (x), q = f (y) ∈ Z with two non-bi-Lipschitz tangent spaces T p and T q . Because of the fact that we are dealing with 1-density points, we can say that Tan (U, x, d ′ ) = Tan (X ′ , x, d ′ ) and Tan(f (U ), p, d) = Tan (X, p, d) and the same holds with y and q, see [LD11, Proposition 3.1]. Passing to the tangents in p and x we get, as in [LDY19, Section 5.2], some induced bi-Lipschitz map between T p and one element of Tan (X ′ , x, d ′ ). In the same way we get a bi-Lipschitz map between T q and one element of Tan (X ′ , y, d ′ ). By hypothesis each element of Tan (X ′ , x, d ′ ) is bi-Lipschitz to each element of Tan (X ′ , y, d ′ ), so that at the end T p is bi-Lipschitz to T q , which is a contradiction.
Let us point out that in Definition 3.1 we require the parametrizing maps to be bi-Lipschitz while for the classical definitions of rectifiability one may just ask for the map to be Lipschitz. We next give the Lipschitz counterpart of Definition 3.1 for the family of Carnot groups.
Definition 3.7 (Pauls Carnot rectifiability). Let (X, d) be a metric space of Hausdorff dimension k. We say that (X, d) is Pauls Carnot rectifiable if there exist countably many Carnot groups G i of Hausdorff dimension k and Lipschitz maps f i :
We say that (X, d) is purely Pauls Carnot unrectifiable if for every Carnot group G of Hausdorff dimension k, every Lipschitz map f : Remark 3.9. In this paper we will not focus on the Lipschitz counterpart of Definition 3.4. The case of homogeneous subgroups of Carnot groups would lead to to a variant of [CP06, Definition 3] allowing countably many possibly different groups. We think there are pathological examples and more easy-to-ask questions that we are not able to answer up to now.
For example Peano's curve tells that the Euclidean plane R 2 can be Lipschitz rectified with R, · 1/2 . Notice that R, · 1/2 is the vertical line in the Heisenberg group. 1 Forcing the topological dimension to be the same, we also wonder whether there exists a Lipschitz map
Remark 3.10. As in Remark 3.3, if (X, d) has Hausdorff dimension k and H k (X) > 0, it holds that if (X, d) is purely Pauls Carnot unrectifiable then it is not Pauls Carnot rectifiable. 1 We have evidence that every Carnot group of Hausdorff dimension Q can be Lipschitz rectified with R, · 1/Q , which is a subgroups of every Carnot group of step Q.
A Carnot algebra with uncountable non-isomoprhic Carnot subalgebras
In this section we prove that there exists a Carnot algebra g of dimension 8 that has uncountably many pairwise non-isomorphic Carnot subalgebras of dimension 7. The Lie algebra g is constructed in Definition 4.3 and in Proposition 4.5 we prove the result.
Definition 4.1. Given µ ∈ R, we call g µ the Carnot algebra of step 3 and dimension 7 given by
where all the other commutators between two vectors of the basis {X 1 , . . . , X 7 } that are not listed above are zero.
Remark 4.2. The family {g µ } µ∈R in Definition 4.1 consists of uncountably many pairwise non-isomorphic Carnot algebras, which are called of type 147E, see [Gong98] . Indeed, if µ 1 , µ 2 / ∈ {0, 1}, the Lie algebra g µ 1 is isomorphic to g µ 2 if and only if I(µ 1 ) = I(µ 2 ), where
Our plan is to next add a direction X in the first stratum of a specific Carnot algebra given by Definition 4.1, namely the one with µ = 0. We show the existence of uncountably many pairwise non-isomorphic Carnot subalgebras of dimension 7 in this new Carnot algebra of dimension 8. Definition 4.3. We call g the Carnot algebra of step 3 and dimension 8 given by
with the following bracket relations
and all the other commutators between two elements of the basis {X 0 , X 1 , . . . , X 7 } that are not listed above are 0.
Remark 4.4. Let us show that the one defined in Definition 4.3 is a Lie algebra. It suffices to verify Jacobi identity on triples of pairwise different vectors of the basis. Being the step of the stratification equal to 3, it suffices to show the Jacobi identity on vectors in the first stratum V 1 . Then, as we are extending g 0 in Definition 4.1, we just have to check the Jacobi identity on the triples {X 1 , X 2 , X 0 }, {X 2 , X 3 , X 0 } and {X 1 , X 3 , X 0 }. A simple computation yields
Now we are ready for the following proposition.
Proposition 4.5. If g is the Carnot algebra of dimension 8 and step 3 in Definition 4.3, then there exist uncountably many Carnot subalgebras of dimension 7 of g that are pairwise non-isomorphic.
Proof. We present explicitely an uncountable family of Carnot subalgebras of dimension 7 of g, indexed by λ ∈ R, which are isomorphic to g λ in Definition 4.1 if λ = 1. Then by Remark 4.2 we get the conclusion.
Given λ ∈ R, with λ = 1, let us define the following vector in V 1 ⊆ g,
Then {X 1 , Y 2 , X 3 } are linearly independent vectors of V 1 . By explicit computations, using the relations in (4.2), we have
(4.5)
and all the other commutators beetwen two elements of the linearly independent vectors {X 1 , Y 2 , X 3 , Y 4 , X 5 , X 6 , X 7 }, that are not listed above, vanish. Then in view of (4.5) and (4.6), if λ = 1, the subspace W 1 := span{X 1 , Y 2 , X 3 } generates a Carnot subalgebra of step 3 and dimension 7 in g, which is isomorphic to g λ in Definition 4.1.
Main results
In this section we construct the example that satisfies Theorem 1.1 and we prove the properties discussed in the introduction. We build the hypersurface S in the Carnot group G whose Lie algebra g is as in Definition 4.3.
First of all let us identify G with R 8 by using exponential coordinates and the ordered basis (X 0 , X 1 , . . . , X 7 )
(5.1)
In these coordinates we can express the left-invariant vector fields X 0 (x), X 1 (x), X 2 (x), X 3 (x) that extend X 0 , X 1 , X 2 , X 3 , in this way, see [FSSC03a, Proposition 2.2]:
where r 0 (x), r 1 (x), r 2 (x), r 3 (x) are combinations, with polynomial coefficients of the coordinates, of ∂ x 4 , ∂ x 5 , ∂ x 6 , ∂ x 7 . Now we are ready to state and prove one of the main results of this article.
Proposition 5.1. There exist a Carnot group G and a C ∞ non-characteristic hypersurface S ⊆ G with uncountably many pairwise non-isomorphic tangent groups.
Proof. Let us consider the Carnot algebra g in Definition 4.3 and G := exp g identified with R 8 by means of the exponential coordinates in (5.1). Let us consider the family of vertical subgroups of codimension 1 in G given by
The Lie algebra of G λ is isomorphic to the algebra g λ if λ = 1 according to the proof of Proposition 4.5. Then the family {G λ } λ∈R contains uncountably many non-isomorphic Carnot groups and the conclusion follows taking the vertical surface in G given by Lemma 2.27 that is smooth and non-characteristic due to Remark 2.25.
Remark 5.2. In particular, every S as in Proposition 5.1 is not bi-Lipschitz equivalent to an open set in a Carnot group. This follows from a blow-up argument and Pansu's differentiability theorem [Pan89] . The argument will be made clear in the proof of the forthcoming Theorem 5.4. We stress that even for some sub-Riemannian manifolds the constance of the tangent may not give bi-Lipschitz local equivalence with the tangent Carnot group, see [LOW14] . Lie(T I x S) = span{X 1 , X 2 − x 2 2 X 0 , X 3 , X 4 , X 5 , X 6 , X 7 }, and then Lie(T I x S) is isomorphic to the Carnot algebra generated by W 1 defined in the proof of Proposition 4.5, where the λ there is now equal to −x 2 2 . Then, the Lie algebra Lie(T I x S) is isomorphic to g −x 2 2 defined in Definition 4.1. Because of the fact that given any λ ≤ 0 there is always a point in S satisfying λ = −x 2 2 , Remark 4.2 grants us that the family {Lie(T I x S)} x∈S contains uncountably many pairwise non-isomorphic Carnot algebras and then the family {T I
x S} x∈S contains uncountably many pairwise non-isomorphic Carnot groups.
Theorem 5.4. There exist a Carnot group G and a C ∞ non-characteristic hypersurface S ⊆ G, of Hausdorff dimension 12, such that on every H 12 -positive measure subset of it there are two points with non-isomorphic tangents. In particular, the set S is purely bi-Lipschitz homogeneous unrectifiable according to Definition 3.4.
Proof. Let us consider g the Carnot algebra in Definition 4.3. Let us identify G := exp g with R 8 by means of the exponential coordinates in (5.1) and let us fix a left-invariant homogeneous distance d on G. Let us consider S as in Remark 5.3. By Proposition 2.19, the definition of S, and the fact that the Hausdorff dimension of G is 13, we get that the Hausdorff dimension of S is 12 and (S, d, H 12 ) is a proper locally doubling metric measure space. Notice also that by Proposition 2.20 (see also Remark 2.21) we get that the Gromov-Hausdorff tangent at each point x ∈ S is unique and isometric to (T I x S, d) . Notice that for all x ∈ S, the space T I x S is a Carnot group, as it is shown in the construction of S given in Remark 5.3.
We claim that
Indeed, we know that S ∩ {x 2 = λ} is the intersection of two C 1 H -hypersurfaces that satisfy the improved version of Proposition 2.14 contained in [DMV19, Theorem A.5]. Then we get that S ∩ {x 2 = λ} is locally the graph of an intrinsic Lipschitz function defined on (see Remark 5.3), immediately tells that there are in U at least two points with two non-isomorphic (because of Remark 4.2) Carnot groups as tangent. By Pansu's theorem [Pan89] , two non-isomorphic Carnot groups cannot be bi-Lipschitz equivalent, so the claim follows. Now the proof is completed by using the criterion shown in Lemma 3.6.
From Remark 3.3 we have the following consequence to Theorem 5.4.
Corollary 5.5. There exist a Carnot group G and a C ∞ non-characteristic hypersurface S ⊆ G that it is not bi-Lipschitz homogeneous rectifiable according to Definition 3.4
Remark 5.6. Notice that from Corollary 5.5 it follows that S is not rectifiable according to the countable bi-Lipschitz variant of [CP06, Definition 3], see Remark 3.5. We notice here that we still are not able to prove that our counterexample is not rectifiable according to [CP06, Definition 3], see Remark 3.9. Nevertheless, in the forthcoming Theorem 5.7 we show that it is not so according to [Pau04, Definition 4 .1].
Theorem 5.7. There exist a Carnot group G and a C ∞ non-characteristic hypersurface S ⊆ G that is purely Pauls Carnot unrectifiable according to Definition 3.7.
Proof. Let us take S and G as in Remark 5.3. Let us fix on G a homogeneous left-invariant distance d. Then from Proposition 2.19 we get that the Hausdorff dimension of S is 12, because the Hausdorff dimension of G is 13. We will show there is no Lipschitz map f : U ⊆Ĝ → (S, d) , withĜ a Carnot group, dim HĜ = 12 and H 12 (f (U )) > 0.
Suppose by contradiction there is such a map. We can assume U closed, see Remark 3.2. By composing the map f with the inclusion i : S ֒→ G we get a Lipschitz mapf : U ⊆ G → G. We will make use of results and notation in Section 2.
Let us call U ND ⊆ U the set of points wheref is non-differentiable, U I ⊆ U the set of differentiability points x off for which Df x :Ĝ → G is injective and U NI ⊆ U the set of differentiability points x off for which Df x is not injective. We thus have U = U ND ⊔ U I ⊔ U NI ,f (U ) =f (U ND ) ∪f (U I ) ∪f (U NI ) and we know, from Rademacher theorem (Theorem 2.2) and the fact thatf is Lipschitz, that H 12 (f (U ND )) = H 12 (U ND ) = 0.
We claim that H 12 (f (U I )) > 0. Indeed, the Hausdorff dimension ofĜ is 12. Thus, for x ∈ U NI , we get that Df x (Ĝ) is a homogeneous subgroup of G of Hausdorff dimension at most 11, see Lemma 5.8 below. Then (B(0, 1) )) H 12 (B(0, 1)) = 0, and from Theorem 2.5 applied tof : U NI → G we get H 12 (f (U NI )) = 0. Now we conclude the proof of the claim:
For every point z in U I there exists an injective Carnot homomorphism Df z :Ĝ → G. For how it is constructed the differential Df z (see Remark 2.3) we know that for ω in a dense subset Ω ofĜ we have 
Proof. By definition of Carnot homomorphism we get that Kerϕ is a homogeneous subgroup of G and ϕ(G) is a homogeneous subgroup of H. If an element g is in V i for some i, we say that i is the degree of g and write deg g = i. We take {e 1 , . . . , e l , e l+1 , . . . , e n } ⊆ ∪ s i=1 V i a basis of g, such that {e 1 , . . . , e l } is a basis of Kerϕ. Then {ϕ * (e l+1 ), . . . , ϕ * (e n )} is a basis of the Lie algebra of ϕ(G). By the fact that ϕ * preserves the stratification (see Remark 2.1), we get deg ϕ * (e i ) = deg e i for each l + 1 ≤ i ≤ n. Then by [LDNG19, Theorem 4.4, (iii)] and the previous equation we get
where we used in the strict inequality that l > 0 being ϕ not injective.
From Remark 3.10 we have this consequence to Theorem 5.7. Remark 5.11. We notice that every tangent group to S as in the proof of Theorem 5.7 is a Carnot group. So S is an example of a smooth non-characteristic hypersurface in a Carnot group that cannot be Lipschitz parametrizable by countably many subsets of its tangents.
We state here as a theorem something we already proved in Theorem 5.4.
Theorem 5.12. There exists a proper locally doubling metric measure space (X, d, H k ) , where k := dim H X, that satisfies the following two properties:
(1) For each x ∈ X, there exists (up to isometry) only one element in Tan(X, d, x) and it is a Carnot group; (2) For each U ⊆ X with H k (U ) > 0 there exists an uncountable family {x i } i∈I ⊆ U of points such that the tangent spaces at these points are pairwise non-bi-Lipschitz equivalent.
Proof. The example and the proof is exactly the same as in the proof of Theorem 5.4.
Remark 5.13. Another example (a sub-Riemannian manifold) that satisfies Theorem 5.12 was presented in [LDY19, Proposition 13].
Remark 5.14. (S has a structure of sub-Riemannian manifold) For an introduction to sub-Riemannian manifolds, also in the Finsler case, one can see [LD17b, Chapter 2]. We show that the example in Remark 5.3 has also the structure of an equiregular sub-Riemannian manifold. Indeed, the set S is a smooth hypersurface of R 8 and we can consider the distribution
.2 and T x S is the Euclidean tangent of S. We equip the distribution D with some smooth scalar product g. By the computations made in Proposition 4.5 and by considering (5.2), we get
(5.5) Then we get that, for all x ∈ S, dimD x = 3, dimD 2 x = 6 and dimD 3 x = 7. Thus we define the sub-Riemannian distance d sR associated to the sub-Riemannian structure (S, D, g). We get from the results in [Bel96] (see also [Jean14, Theorem 2.5], [Jean14, page 25]) and the explicit expression (5.5), that the tangent space at x ∈ S to (S, d sR ) is isometric to the Carnot group G −x 2 2 with Lie algebra g −x 2 2 , defined in Definition 4.1, equipped with the Carnot-Carathéodory distance induced by the left-invariant scalar product that, on the first stratum of the Lie algebra, coincide with g x . Also from [Mit85, Theorem 2] (see also [GJ16, Theorem 3.1]) we get that the Hausdorff dimension of (S, d sR ) is 12.
Then a slightly change of the proof of Theorem 5.4 -namely at the end of the proof we need to use the results about the Hausdorff dimension of smooth submanifolds in a sub-Riemannian manifold in [Grom96, 0.6.B] (see also [GJ16, Theorem 5 .3]) to obtain H 12 (S∩{x 2 = λ}) = 0 -gives that (S, d sR ) is purely bi-Lipschitz homogeneous unrectifiable. Also, reasoning exactly as in the proof of Theorem 5.4, we have that (S, d sR , H 12 ) satisfies Theorem 5.12.
Pauls' rectifiability of C ∞ -hypersurfaces in Heisenberg groups
In this section we prove that C ∞ -hypersurfaces in the n-th Heisenberg group, H n with n ≥ 2, are rectifiable according to [CP06, Definition 3], see also Theorem 6.15 and Remark 6.16. We start with a distance comparison lemma which more generally holds for Carnot groups of step 2, see Proposition 6.6. Then in Section 6.3 we show the equivalence of intrinsic distance and induced distance for intrinsic Lipschitz graphs in Heiseneberg groups, which has been suggested to us by Fässler and Orponen, adapting an argument of [CMPSC14] . After that, in Section 6.4, we prove that C ∞ non-characteristic hypersurfaces in H n , with n ≥ 2, carry a sub-Riemannian structure, see Proposition 6.11 and [TY04, Theorem 1.1]. Therefore, we show that the sub-Riemannian distance is locally equivalent to the induced distance, see Proposition 6.12. By means of [LDY19, Theorem 1] we are able to conclude the result: see Theorem 6.15. 6.1. Carnot Groups of step 2. In this subsection we recall the geometry of step 2 groups in exponential coordinates. We stress here that sometimes we use Einstein notation: we do not use the symbol Σ and we remind that, in this case, we are tacitly taking the sum over the repeated indexes. Every Carnot group of step 2 arises as follows.
Let (B 1 jl ), . . . , (B n jl ) be n linearly independent skew-symmetric m × m matrices with j, l = 1, . . . , m. Consider the Carnot group (R m × R n , ·, δ λ ) where the operation is (x 1 , . . . , x m , y 1 , . . . , y n ) · (x 1 , . . . ,x m ,ỹ 1 , . . . ,ỹ n ) :=
x 1 +x 1 , . . . , x m +x m , y 1 +ỹ 1 + 1 2 B 1 jlxj x l , . . . , y n +ỹ n + 1 2 B n jlxj x l , (6.1) and the dilations are . . . , x m , y 1 , . . . , y n ) := (λx 1 , . . . , λx m , λ 2 y 1 , . . . , λ 2 y n ), (6.2)
for every λ > 0. In the Carnot groups defined above we call X j , with j = 1, . . . , m, the left-invariant vector fields that agree with ∂ x j at the origin. We call Y k , with k = 1, . . . , n, the leftinvariant vector fields that agree with ∂ y k at the origin. It holds
We shall consider the two following homogeneous subgroups L := {(x 1 , 0, . . . , 0)}, W := {(0, x 2 , . . . , x m , y 1 , . . . , y n )}. (6.4) In what followsφ : W → L will be an intrinsic L-Lipschitz function (Definition 2.12) and ϕ : R m+n−1 → R is defined according tõ ϕ(0, x 2 , . . . , x m , y 1 , . . . , y n ) = (ϕ(x 2 , . . . , x m , y 1 , . . . , y n ), 0, . . . , 0). (6.5)
The following vector fields on W are strictly related to the intrinsic gradient of a function, see [DD18, Section 5]. Definition 6.1. Givenφ and ϕ as in (6.5) we define, for j = 2, . . . , m, the vector fields at W onx := (0, x 2 , . . . , x m , y 1 , . . . , y n ) as D ϕ j |x := X j |x + ϕ(x 2 , . . . , x m , y 1 , . . . , y n )B k j1 Y k |x. (6.6) Definition 6.2. We will say that an absolutely continuous curveγ : I → W is horizontal for the family of vector fields {D ϕ j } j=2,...,m , if there exist (a 2 (t), . . . , a m (t)) ∈ L 1 (I; R m−1 ) such thatγ . , x m (t), y 1 (t), . . . y n (t)), (6.9)
Remark 6.4. Using the notation in Section 6.1, the Heisenberg group Hn is obtained when m = 2n, n = 1 and B 1 ij = 1 if and only if i = j +n, otherwise it is zero. 6.2. Length comparison for Carnot groups of step 2. In this subsection we will show that for Carnot groups of step 2, the length measured with the left-invariant homogeneous distance d in the group G of the curveγ ·φ(γ) is controlled from above by ℓ ϕ (γ). Remark 6.5. For the general theory of sub-Riemannian manifolds, including the Finsler case, one can check [LD17b, Chapter 2]. We recall that in G we have two interpretations for the length of an absolutely continuous curve. Indeed, as in any Carnot-Carathéodory space, if the distance d on G is induced by a norm · on the horizontal bundle V 1 of G, the length of a continuous curve γ : I → G equals the following values
where the sup is over the partitions ⊔ n i=0 [s i , s i+1 ] of I. The proof of the forthcoming proposition was pointed out to us by Fässler and Orponen in the Heisenber group and it is substantially contained in [CMPSC14, Proposition 3.8.]. We present here a general proof for step 2 groups. Proposition 6.6. Let G be a step 2 Carnot group with the choice of coordinates as in Section 6.1 and W and L as in (6.4) . Letφ : W → L be intrinsic L-Lipschitz. Set ϕ, D ϕ j , ℓ ϕ as in (6.5), (6.6), and (6.8), respectively. Ifγ : I → W is horizontal with respect to {D ϕ j } j=2,...,m , then length(γ ·φ(γ)) ≤ C · ℓ ϕ (γ), where C = C(G, L).
Moreover, if the norm of the controls a j (t) ofγ as in Definition 6.2 are bounded by K, the projection on the first component of the curve s →φ(γ(s)) is L ′ -Lipschitz, with L ′ = L ′ (L, K, G).
Proof. Set γ : I → R m+n−1 be the curve γ(t) := (x 2 (t), . . . , x m (t), y 1 (t), . . . , y n (t)), where we use the notation (6.9). By the fact thatγ is horizontal with respect to {D ϕ j } j=2,...,m we get by easy computations that for each k = 1, . . . , n
for a.e. t ∈ I, (6.12) where we sum over j and l from 2 to m. Now we consider the curveγ between two intermediary times t < t 1 and we claim that 
where the constant C 1 = C 1 (m). Indeed, this is a consequence of the fundamental theorem of calculus, Cauchy-Schwarz and (6.10).
Set Φ(γ(·)) :=γ(·)φ(γ(·)). By the definition of length it suffices to show that for all [t, t 1 ] ⊆ I there exists a constant C = C(L, G) such that
(6.14)
By the fact that ϕ is intrinsic Lipschitz and [FMS14, Proposition 2.3.4.] one has that, setting · the homogeneous norm on G associated to d (see Section 2.1), there exists a constant C 0 = C 0 (L) such that
Then we leave to the reader to verify the algebraic equality
By exploiting the formula for the group law, it holds t) , . . . , σ n (t 1 , t)), (6.17) where for each k = 1, . . . , n we have
where the sums on indexes j and l run from 2 to m. Then by (6.17) and the fact that · is equivalent to any other homogeneous norm on G, we have that
Using (6.12) and that B k jl x j (t)x l (t) = 0 by skew-symmetry of B k we can rewrite σ k (t 1 , t) as follows
|ϕ(γ(ξ) − ϕ(γ(t)))|.
It follows from (6.20), (6.13) and Cauchy-Schwarz inequality that
where C 2 = C 2 (m, B) and B := max |B k jl |. Now for each ξ ∈ [t, t 1 ] we get by the fact ϕ is intrinsic Lipschitz, (6.16), (6.19), (6.13) and (6.21) with ξ instead of t 1 , that m, B, L) . Now passing to the supremum as ξ ∈ [t, t 1 ] in both sides we get
(6.23)
Finally by chaining (6.15), (6.16), (6.19), (6.13), (6.21), and (6.23), we get (6.14) which was what we wanted. For the second part of the lemma we just chain (6.22) and (6.23) with ξ instead of t 1 , and use the fact that ℓ ϕ (γ| [t,ξ] ) is bounded above by C(K, m)|ξ − t| by the definition of ℓ ϕ in (6.8).
Remark 6.7. The second part of Proposition 6.6 recovers also the statement of [DD19, Proposition 3.6] . Notice that results that are similar to Proposition 6.6 have been proved by Kozhevnikov (6.24) Remark 6.9. Up to a globally bi-Lipschitz change of norm, we can suppose to work with a left-invariant homogeneous distance d on G coming from a scalar product g on the horizontal bundle V 1 . Notice that if Γ is a smooth submanifold of G and the horizontal bundle V 1 intersects the tangent bundle of Γ in a bracket generating distribution, then the distance d Γ (x, y) is exactly the sub-Riemannian distance, let us call it d int (x, y), associated to the sub-Riemannian structure Γ,
We now stress that in the specific case of the Heisenberg groups the induced distance d is bi-Lipschitz equivalent to d Γ defined in (6.24). The proof was suggested to us by Fässler and Orponen. Proposition 6.10. With the same assumptions and notation as in Proposition 6.6, if G = H n with n ≥ 2, then
∀x, y ∈ Γ, where d Γ is defined in (6.24) and d is the induced distance, restriction of the one in H n .
Proof. First of all notice that, using the notation in (6.6) and taking into account Remark 6.4, if G = H n , then D ϕ j |x = X j |x for all j = 2, . . . , 2n and j = n + 1, while D ϕ n+1 |x = X n+1 |x + ϕ(x 2 , . . . , x 2n , y 1 )Y 1 |x. We also have [X j , X n+j ] = Y 1 for every j = 1, . . . , n and all the other commutators are zero. By definition of d Γ (6.24), exploiting the definition of length (6.11) and the triangular inequality, we get
Now we want to prove the opposite inequality up to a constant. First of all, by a left translation, we can assume x = 0 and y = wφ(w) for w ∈ W. It holds that 
where C 2 is a constant, and Φ(γ) is a curve contained in Γ connecting x = 0 to y = wφ(w).
Being the length of Φ(γ) finite, we get that it is a horizontal curve [LD17b, Theorem 2.4.5.] and then we get
that finishes the proof. Now we show the existence ofγ, with the required properties, such that (6.26) holds. We concatenate two curvesγ 1 andγ 2 , horizontal for {D ϕ j } j=2,...,2n+1 , to reach w := (0, x 2 , . . . , x 2n , y 1 ) from 0. Due to the fact that ϕ is continuous, because of Remark 2.13, Peano's theorem [Hal80, Theorem 1.1] ensures that there exists a local solution to the continuous ODE τ ′ (s) = ϕ(0, . . . , 0, s, 0, . . . , 0, τ (s)), τ (0) = 0, (6.27) where s in the (n + 1)-th coordinate. Set and by (6.28) and the second part of Proposition 6.6 we have that s → ϕ(γ 1 (s)) is L ′ -Lipschitz, with L ′ = L ′ (L). By (6.29) we have
Thus, as any solution to (6.27) escapes every compact set [Hal80, Theorem 2.1], we get from (6.30) that τ (s) is globally defined. Then τ (s) is defined up to s = x n+1 and by the previous argument
We notice that we can identify the arbitrary point (x 2 , . . . , x n , x n+2 , . . . , x 2n , y 1 ) with a point in H n−1 . Thus we can connect the point (0, . . . , 0, τ (x n+1 )), where we just removed the first and the (n+1)-th coordinate fromγ 1 (x n+1 ), to the point (x 2 , . . . , x n , x n+2 , . . . , x 2n , y 1 ), by using a horizontal geodesic in H n−1 with respect to the Carnot-Carathéodory distance d g induced, on H n−1 , by the scalar product g that makes X 2 , . . . , X n , X n+2 , . . . , X 2n orthonormal. We setγ 2 : I → H n to be this horizontal geodesic in H n−1 , read in H n . We notice that it is horizontal with respect to the family {D ϕ j } j=2,...,n,n+2,...,2n , because D ϕ j = X j for j = 2, . . . , 2n and j = n + 1. Then we have ℓ ϕ (γ 2 ) = d g ((0, . . . , 0, τ (x n+1 )), (x 2 , . . . , x n , x n+2 , . . . , x 2n , y 1 ))
where the first equality follows by the definition of ℓ ϕ (6.8) and the fact thatγ 2 , restrict to H n−1 , is a d g -geodesic; the second is true because any two homogeneous norms are equivalent, the third one is true because of (6.31), and the last one again by the fact that any two homogeneous norms are equivalent. Now we have
where the first equality is true by the definition of ℓ ϕ and (6.28) and second is true again because of the equivalence of homogeneous norms. Now if we setγ :=γ 1 | [0,x n+1 ] ⋆γ 2 the concatenation of the two curves, we get thatγ is horizontal and summing (6.32) and (6.33) we get (6.26) with C 1 := C 5 + C 6 , which was what was left to prove.
6.4. Sub-Riemannian structure of a C ∞ non-characteristic hypersurface in the Heisenberg groups. 6 .4.1. The restriction of the horizontal bundle is bracket generating. Now we are going to prove that for non-characteristic C 2 -hypersurfaces (see Definition 2.7) in H n , with n ≥ 2, the intersection between the horizontal bundle and the tangent bundle is bracket generating. This result was already known and it is a consequence of a more general one [TY04, Theorem 1.1.]. Nevertheless we give here a simple proof by making explicit computations. Proposition 6.11. Consider in H n , with n ≥ 2, a C 2 -hypersurface S. If S has no characteristic points, then the bundle
34)
gives a step-2 bracket generating distribution on the hypersurface S.
Proof. We need to prove that ∀x ∈ S,
Let us give the proof first for n = 2. We work locally around x ∈ S so that we can assume that there exists f ∈ C 2 (H n ) such that S = {x ∈ H n : f (x) = 0}.
We define locally the vector fields
We have that for each x ∈ S, the linear space D x is a three-dimensional subspace, because x is a non-characteristic point, and then it is easy to see that where d int has been introduced at the beginning of Section 6.4.2.
Proof. By Proposition 2.14 we get that locally around p ∈ S, the hypersurface S is the graph Γ of a globally defined intrinsic Lipschitz function on the tangent group W = T I x S. By changing coordinates, we can assume W as in (6.4). Then by Proposition 6.10 we get that d Γ ∼ d and from Remark 6.9 we get that, locally on S, d int = d Γ , so that we get the result. 6.4.3. Tangents of C ∞ non-characteristic hypersurfaces. Now we know that a C ∞ noncharacteristic hypersurface in the Heisenberg groups H n , n ≥ 2, is a sub-Riemannian manifold. With the aim of using the rectifiability result from [LDY19, Theorem 1], we calculate the possible tangents of S. We begin with a preparatory lemma. Lemma 6.13. Every vertical subgroup of codimension one in H n , n ≥ 2, is isomorphic to H n−1 × R, which is a Carnot subgroup.
Proof. Let us take W a codimension-one subspace of the first stratum g 1 of the Lie algebra of H n , which we call h n , and let us consider a decomposition g 1 = Rz ⊕ W . If we consider the brackets restricted to W , which is odd-dimensional, we have by skew-symmetry that there exists v ∈ W such that [v, w] = 0, ∀w ∈ W.
Now if we consider a decomposition W = Rv ⊕ W ′ , we claim that [·, ·] on W ′ is skewsymmetric and non-degenerate. Indeed, if it is not so, there exists v ′ ∈ W ′ such that [v ′ , w ′ ] = 0 for every w ′ ∈ W ′ . Now we claim that there exist real numbers α, β such that v ′′ := αv + βv ′ satisfies [v ′′ , h] = 0 for every h ∈ g 1 . Indeed, if h ∈ W , this holds just by how v and v ′ are defined. Then we can choose α, β such that [v ′′ , z] = 0. Then this is a contradiction because [·, ·] is non degenerate on g 1 . Then by the fundamental theorem of symplectic forms W ′ is isomorphic as Lie algebra to h n−1 , from which the thesis follows. Proposition 6.14. Let S be a C ∞ -hypersurface in H n , n ≥ 2, with no characteristic points. Let D be as in (6.34) and g be a scalar product on the horizontal bundle V 1 of H n .
Then the triple (S, D, g| D×D ) is an equiregular sub-Riemannian manifold with Hausdorff dimension 2n + 1. At each point x ∈ S we have that the Gromov-Hausdorff tangent is unique and it is isometric the Carnot group H n−1 × R endowed with some Carnot-Carathéodory distance.
Proof. Because of the fact that S is non-characteristic it follows that D x has dimension 2n − 1 at each point x ∈ S. Also it is a direct consequence of Proposition 6.11 that, for each x ∈ S, the linear space D x + [D, D] x has dimension 2n. Then (S, D, g| D×D ) is an equiregular sub-Riemannian manifold with weights (2n − 1, 1). Then the Hausdorff dimension of S with respect to the associate sub-Riemannian distance d int is 2n + 1 by [Mit85, Theorem 2] (see also [GJ16, Theorem 3.1]).
By [Bel96] (see also [Jean14, Theorem 2.5], [Jean14, page 25]) it follows, as we are in the equi-regular case, that the Gromov-Hausdorff tangent at any point x ∈ S is isometric to the Carnot group V x := D x ⊕ ((D x + [D, D] x )/D x ) with the bracket operation inherited by the brackets in the Heisenberg group, endowed with some Carnot-Carathéodory distance. Then V x is isomorphic to a vertical subgroup of H n of codimension 1 and thus isomorphic to H n−1 × R by Lemma 6.13. 6.4.4. Carnot-rectifiability of C ∞ -hypersurfaces. We conclude with the main result of this section. Theorem 6.15. Let (H n , d), with n ≥ 2, be the n-th Heisenberg group equipped with a left-invariant homogenenous distance d. If S is a C ∞ -hypersurface in H n , then the metric space (S, d) has Hausdorff dimension 2n + 1 and it is ({H n−1 × R}, H 2n+1 )-rectifiable according to Definition 3.1.
Proof. Let us assume first that S has no characteristic points. In this case it directly follows from [LDY19, Theorem 1] and Proposition 6.14 that the metric space (S, d int ) has Hausdorff dimension 2n + 1 and it is ({H n−1 × R}, H 2n+1 d int )-rectifiable according to Definition 3.1. Then by Proposition 6.12 we obtain that (S, d) is ({H n−1 × R}, H 2n+1 d )rectifiable.
In the general case, calling Σ S the set of characteristic points, we know that H 2n+1 (Σ S ) = 0 by [Bal03, Theorem 1.1] (see also [Mag06, Theorem 2.16] ). Moreover if x ∈ S is a noncharacteristic point, there exists U x open subset of S containing x such that U x is a smooth non-characteristic hypersurface. Then we can use the previous argument to conclude that (U x , d) is ({H n−1 × R}, H 2n+1 )-rectifiable and by covering S \ Σ S with countably many U x 's we get the conclusion.
